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Abstract. In |7| Abouzaid, Auroux, Efimov, Katzarkov and Orlov showed that the 
wrapped Fukaya Categories of punctured spheres are derived equivalent to the categories 
of singularities of a superpotential on certain crepant resolutions of toric 3 dimensional sin- 
gularities. We generalize this result to other punctured Riemann surfaces and reformulate 
it in terms of certain noncommutative algebras coming from dimer models. In particular, 
given any consistent dimer model we can look at a subcategory of noncommutative ma- 
trix factorizations and show that this category is Aoo -isomorphic to a subcategory of the 
wrapped Fukaya category of a punctured Riemann surface. The connection between the 
dimer model and the punctured Riemann surface then has a nice interpretation in terms of 
a duality on dimer models. Finally, we tie this result to the classical commutative mirror 
symmetry. 



1. Introduction 

Originally homological mirror symmetry was developed by Kontsevich [301 as a frame- 
work to explain the similarities between the symplectic geometry and algebraic geometry of 
certain Calabi-Yau manifolds. More precisely its main conjecture states that for any com- 
pact Calabi-Yau manifold with a complex structure X, one can find a mirror Calabi-Yau 
manifold X' equiped with a symplectic structure such that the derived category of coherent 
sheaves over X is equivalent to the zeroth homology of the Fukaya category of X' . The 
latter is a category that represents the intersection theory of Lagrangian submanifolds of 
X'. 

D''CohX - H°FukX' 

Over the years it turned out that this conjecture is part of a set of equivalences which are 
much broader than the compact Calabi-Yau setting l,26l l20l [T] |5] |6l. Removing the com- 
pactness or Calabi-Yau condition often makes the mirror a singular object, which physicists 
call a Landau-Ginzburg model ||36l[37l . 

A Landau-Ginzburg model {X, W) is a pair of a smooth space X and a complex valued 
function W : X ^ 'C, which is called the potential. On the algebraic side we associate to it 
the dg-category of matrix factorizations MF(X, W). Its objects are diagrams < ^ Pi 
where Pi are vector bundles and the composition of the maps results in multiplication with 
W . The morphisms are morphisms between these vector bundles equiped with a natural 
differential. 

On the symplectic side we demand that the Lagrangians have their boundary fixed on 
14^"^ (0). On the other hand if X' is noncompact we need to tweak the notion of the Fukaya 
category, by imposing certain conditions on the behaviour of the Langrangians near infinity 
and using a Hamiltonian flow to adjust the intersection theory. This gives us the notion of 
a wrapped Fukaya category 121 . 

In |7| Abouzaid, Auroux, Efimov, Katzarkov and Orlov proved an instance of mirror 
symmetry between such objects. On the symplectic side they considered a sphere with 
k punctures and on the algebraic side they considered a special Landau Ginzburg model 
on a certain toric quasiprojective noncompact Calabi Yau threefold and they proved an 
equivalence between the derived wrapped Fukaya category of the former and the derived 
category of matrix factorizations of the latter 

In this paper we aim to generalize their result to all Riemann surfaces with A; > 3 
punctures. On the algebraic side though we will not construct classical Landau-Ginzburg 
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models but instead we will look at noncommutative Landau-Ginzburg models |[38l . This 
means that we replace the commutative space X with a noncommutative Calabi-Yau al- 
gebra A and the potential will be a central element. The category of matrix factorizations 
needs also an adjustment: instead of vector bundles we must take projective modules. 

The Calabi-Yau algebras under consideration will come from dimer models, which are 
certain quivers embedded in a Riemann surface. Such algebras, known as Jacobi algebras, 
also have a canonical choice of potential £ coming from the faces in which the quiver splits 
the Riemann surface. 

The result we obtain is that for any consistent dimer model Q, we can find a full subcat- 
egory mf (Q) of the category of all matrix factorizations of its Jacobi algebra MF(Jac Q, tj 
which is Aoo -isomorphic to a full subcategory fuk(P) of the wrapped Fukaya category 
Fuk(S') of a punctured Riemann surface S. The category f uk(P) is constructed using a 
new dimer model P, embedded in the closure of S such that its vertices are the punctures. 
The new dimer can be obtained explicitly from the original dimer by a process called dimer 
duality. 

We illustrate how our viewpoint and the approach in (7] fit together The simplest ex- 
ample gives us an equivalence between the sphere with 3 punctures SS'^ and the Landau- 
Ginzburg model (C"^, xyz). Commutatively this corresponds to the category of singulari- 
ties of the three standard planes in affine 3-space. Noncommutativeljf] we can see this as a 
dimer model on the torus with a superpotential £ coming from the faces. 



Commutative version Noncommuative version 




On the right hand side Q is embedded in a torus while its dual, p, sits in a sphere an its 
3 vertices are the 3 punctures in the commutative picture. The dual can be obtained by 
flipping over the clockwise faces, reversing their arrows and gluing everything back again. 

By construction f uk(P) will generate the full wrapped Fukaya category. On the al- 
gebra side it is not completely clear whether mf (Q) generates the full category of matrix 
factorizations MF(Jac Q, £) because unless Q sits inside a torus, the Jacobi algebra is not 
Noetherian. However if Q does sit inside a torus, we will show that mf (Q) indeed generates 
MF(Jac Q, £). A result of Ishii and Ueda f23\ also implies that MF(Jac Q, I) = W{X, t) 
where X is a crepant resolution of the center SpecZ(Jac Q), so we recover the commuta- 
tive result. 

The outline of the paper is as follows: first we review some of the basics of Aqo- 
structures, quivers, dimer models and some algebras associated to them. We combine 
these subjects to look at Aoo-structures on certain dimer models, called rectified dimers. 
We classify some of these Aoo-structures and then we turn to both sides of mirror symme- 
try. First we show that the Fukaya category associated to any polyhedral subdivision of a 
Riemann-surface gives rise to one of the Aoo-structures we considered. Secondly we show 
that matrix factorizations of a consistent dimer model also give rise to such an Aoo-structure 
and finally we tie the two sides together by constructing an explicit duality on dimer mod- 
els. We end with a discussion about the connection between the commutative results in Q 



Note that in this example the Jacobi algebra Jac Q = C[X, Y, Z\ is not noncommutative, but for all other 
dimer models it is. 
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and the noncommutative geometry we employed. In view of readability of the paper, we 
deferred the proof of the classification of A^o -structures to an appendix. 

2. Aoo -CATEGORIES 

In this section we will introduce the basics of Aoo-categories. For more information we 
refer to Il27l[32ll. 

An kao-category C with degrees in Z2 consists of the following dat^ 

• a set of objects Ob C, 

• for each pair of object X,Y E Ob C a complex Z2-graded vector space Home {X, Y), 

• for each sequence of n + 1 objects Xq, . . .Xk S ObC a multilinear map /ifc of 
degree 2 — fc 

^fe : Homc(Xi,Xo) ® ■ • • ® Homc(Xfe, ^ Homc(Xfe,Xo) 

(if there is no confusion we drop the subscript and just write /x) 
such that the identities 

s+l+t=k 

hold for any sequence of homogeneous homomorphisms Xq Xi • • ■ Xk-i ^ Xk. In 
this expression the sign takes the form a = s + It + {2 — ^)(deg /i + • • • + deg fk). For 
fc = 1, the identity becomes 0, so each hom-space can be considered as a complex 

withd : / ^ n{f). 

An Aoo-category is called strictly unital if for every object X there is an element Ix £ 
Homc(X, X) of degree such that 

• /i(a, Ix) = a if a is a homomorphism with source X and /i2(lx,a) = a is a 
homomorphism with target X. 

• ^{ai, . . . , a„) = if n 2 and one of the = Ix- 

If Hi = for alH 7^ 2 a strictly unital A^o -category is the same as a Z2 -graded ordinary 
category. If /i^ = for all i > 3 we get a dg-category. 

Aside 2.1. Just like for ordinary categories we define an Aoo-algebra as an Aoo-category with 
one object and identifying the algebra with the hom-space from this object to itself. We 
can turn any Aoo-category into an Aqo -algebra by taking the direct sum of all hom spaces in 
the original category and extending the products multilinearly and setting products of maps 
that do not concatenate zero. 

An koo-functor : A — !■ B between two Aoo-categories consists of 

• a map J'o : Dt> A -> Ob B 

• for each sequence of /c + 1 objects Xq, . . . Xk G Ob A a linear map of degree \ — k 

Fk ■ Homc(Xi, Xo) • • • (8) Homc(Xfe, Xfe_i) ^ Homc( Jo^fc, -T^o^o) 
(if there is no confusion we drop the subscript and just write F) 
subject to the following identities 

'}lo<s<t<k ^^-^(/l, • • • , /s, m(/s+1j • • • 7 ft),ft+l, ■ ■ ■ , fk) 

±^l{T{fu.■.J^,),■.■,Hf^.+ „■■■Jk)) 



for any sequence of homogeneous homomorphisms Xq Xi - ■ ■ Xk-i Xk. An Aqo- 
functor is called strict if J^; = for i > 1, it is called an isomorphism if Fq is a bijection 
and all Fi are isomorphisms and it is called a quasi-isomorphism if Fq is a bijection and 
the Fi induce isomorphisms on the level of the homology of c? = /ii. 



•^Everything in this section can be generalized to Aoo-categories with degrees in Z or any other cyclic group. 
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2.1. Minimal models. An Aoo-category is called minimal if /ii = 0. Note that un- 
like general Aqo -categories, minimal Aoo-categories are also genuine categories if we put 
/1/2 := and forget the higher /I's. This is because in this case [M3] becomes the 

standard associativity identity. 

An koo-stmcture on an ordinary 'L2-graded C-linear category C is a set of multipli- 
cations fj, that turn C into a minimal Aoo-category such that as an ordinary category it is 
identical to the category structure of C. 

Theorem 2.2 (Kadeishvili). Il25l Let C be an Aoo-category and denote byRC the 'category ' 
with the same objects but as hom-spaces the homology of the hom-spaces in C. There is 
an Aoo-structure on EC such that there is an object-preserving quasi-isomorphism between 
H C and C. This kao-structure on H C is unique up to object-preserving koo-isomorphism. 

How do we construct this new A^o-structure? In order to do this we use a graphical 
method from BTj . Set d = pi and for each Homc(X, Y) choose a map h of degree —1 on 
A such that 

/i^ = and dhd = d. 

We will call this map a codifferential. The map tt := 1 — dh — hd is a projection and 
we can identify Imn with HomHc(-'i^, Y) because d7r = Trd = and if da; = then ttx — 
X — d{hdx). Let l be the embedding HomHc(-'S^, Y) = Imir C Homc(X, Y). 
Given a rooted tree T with fc + 1 leaves we can define a multilinear map 

rrJ : HHomc(Xi, Xq) ® • • • (g) HHomc(Xfc, Xfe_i) ^ H Home (Jo^fe, -^0^0) 
by interpreting every leaf as the map l, every internal node as a map hfi and the root as tt/z. 




. . . , /s) = 7r^(V(/i, /2), V(/3, A, /a))- 



The new multiplication p^ is then defined as the sum over all rooted with n leaves 

for n > 1 and = 0. 

2.2. Twisted completion. Given an Aoo-category C we define a twisted object fTT\ as a 
pair (Af , 6), where M <E N[Ob C x Z2] is a formal sum of objects shifted by elements in Z2. 
We will write such a sum as ui [ii] © • • • © [ik] where the Vj are objects and the ij shifts. 
The map S is an uppertriangular k x fc-matrix with entries 6st S Homc(wij , Vi^ ) of degree 1 
and subject to the identity 

00 

^(-l)^/i„(5,...,^)=0 

n=l 

where we extended /i„ to matrices in the standard way. 

The homomorphism space between two such objects {M, 6) and {M', 6') is given by 

^Hom(u,.,w^)[v - is] 

r.s 

which we equip with an Aoo-structure as follows: 

00 

• ■ • := X! X! ±lJ-iS,-.-,S,fi,S,-.-,S,...,fn,S,...,5). 

t=0 io-i |-i„=t ' ^ ' ' 

Jo n in 

The ±-sign is calculated by multiplying with a factor (—1)"+*-'-" for each 6 in the expres- 
sion on position fc. 

The Aoo-category of twisted objects and their homomorphism spaces is denoted by Tw C. 
It also has a minimal model, which we denote by H Tw C. Note that because it is a minimal 
model, H Tw C is a genuine category. 
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Aside 2.3. If A is a genuine C-linear category with a finite number of objects, such that 
the UomAiX, Y) are finite dimensional and contain no nontrivial idempotents, then we can 
consider A as a path algebra of a quiver with relations. We can construct the derived cate- 
gory DModA and look at the smallest triangulated subcategory generated by A as a module 
over itself. We can construct a Z-graded category from this by putting iiom{X,Y) :— 

On the other hand we can view A as an Aoo-category with degrees in Z, by putting all of 
Romii{X, Y) in degree 0. It makes sense to look at HTwA and it turns out that this category 
is equivalent to the category we defined above (see [27 1). In this light H Tw C can be seen as 
a useful generalization of the derived category of an algebra. 



3. Embedded quivers and Dimers 

As usual a quiver Q is a finite (or locally finite) oriented graph. We denote the set of 
vertices by Qq, the set of arrows by Qi and the maps h, t assign to each arrow its head and 
tail. A nontrivial path p is a sequence of arrows ak ■ ■ ■ uq such that t{ai) = h{ai+i). We 
write p[i] to denote the arrow and we set h{p) = h{p[k]) and t{p) — t{p[0]). 

A trivial path is just a vertex. A path pis called cyc/Zc if = t{p) and the equivalence 
class of a cyclic path under cyclic permutation is called a cycle. 

The path category CQ is the category with as objects the vertices, as homomorphisms 
linear combinations of paths and as composition concatenation. 

Given a quiver Q, one can construct its double, Q, which has the same number of ver- 
tices but for every arrow a G Qi we add an extra arrow with h{a) — t{a^^) and 
t{a) = h{a^^). The weak path category of Q is the following quotient 



{aa ^ = h{a), a ^a = t{a)\a G Qo) 

A weak path in Q is a path in Q, viewed as a homomorphism in the weak path category. 
We also speak of weak arrows and cycles and if we want to stress that a path or cycle is not 
weak we will call it real. 

A quiver is called embedded in a compact orientable surface without boundary S, if Qo 
is a discrete subset of S and every arrow is a smooth embedding a : [0, 1] — 5 such that 
h{a) ~ a(l) and t{a) = a(0) and different arrows only intersect in end points. We identify 
a^^ with the map a in reverse direction. We also denote the surface in which the quiver 
embeds by \Q\. 

If Q is a quiver embedded in S and tt : S* — > 5 is the universal cover of S, we can 
construct a new quiver Q which is called the universal cover ofQ. Its vertices are all points 
in S that map onto vertices in Q, and its arrows are maps that push forward to arrows in Q. 
Note that given a vertex u G Qo and a lift in u G Qq, we can lift every path in Q starting in 
?; to a unique path starting in v. 

We say that the quiver Q splits the surface S if the complement of the quiver consists of 
a disjoint union of open disks. Each of these disks is bounded by a weak path c that goes 
around it in counterclockwise direction. Such a cycle is called a boundary cycle and we 
collect these cycles in a set Qj. 

A dimer mot/e/ lfT7l[T4l[T6l is a quiver that spUts a surface for wich every boundary cycle 
is either real or the inverse of a real cycle. The real cycles that are boundary cycles are 
called the positive cycles and are grouped in the set :— Q2 n CQ. Negative cycles are 
those for which the inverse is a boundary cycle and we set Q2^ (Qj)~^nCQ. Note that 
the orientability of the surface implies that every arrow will be contained in one positive 
cycle and one negative. 

Example 3.1. We give 4 examples of embedded quivers that split a surface. The first 3 are 
embedded in a torus, the last in a double torus. Arrows and vertices with the same label are 
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identified. 




©■ 



-0- 



-O 



-O 




The last 3 are dimer models. 



The Jacobi category of a dimer model is the quotient of the path category by the ideal 
nerated by relation 
some arrow a G Qi: 

Jac(Q) 



generated by relations of the form := r_|_ — r_ where r+a e Qj^ and r_a G Q2 for 

CQ 
{ra\a e Qi) ■ 

For the last dimer model in example [3. II we have — {abxcd} and = {baxdc} and 

C(a, b, c, d, x) 



Jac(Q) 



{bxcd — xcdb, xcda — axdc, cdab — dcba, dabx — baxd, abxc — cbax) 



Aside 3.2. The reason these Jacobi algebras are important is because they appear as non- 
commutative analogues of Calabi-Yau manifolds. A compact 3-Calabi-Yau manifold can 
be defined as a smooth variety X which has the following duality 

Ext^(jr,^) = Ext]^\'^,^)* 

for all coherent sheafs on X. 

Similarly a 3-Calabi-Yau algebra ifTSl can be defined such that it has a similar duality 

Ext^(Af,A^) = Ext^"'(iV,A/)* 

for all finite dimensional left yl-modules. 

Not every Jacobi algebra will be Calabi-Yau, this will depend on the structure of the 
dimer model. To characterize such dimer models we introduce a notion of consistency. 
Several different notions are available in the literature 1211 [TTl [121 135] l24l [Tol but we will 
restrict to one: zigzag consistency. 

Fix a dimer model Q and its universal cover Q. For any arrow a e Qi we can construct 
its zig ray . This is an infinite path 

. . . 0,20,10,0 

such that do = d and 0.^+10^ sits in a positive cycle if i is even and in a negative cycle if 
i is odd. Similarly the zag ray is the path where Ci+ia,; sits in a positive cycle if i is 
odd and in a negative cycle if i is even. The projection of a zig or a zag ray down to Q will 
give us a cyclic path because Q is finite. Such a cyclic path will be called a zigzag cycle. 
A dimer model is called zigzag consistent if for every arrow 5, the zig and the zag ray only 
meet in a: 



i = j = 0. 



In example 13.11 the second and fourth quiver are consistent, while the third quiver is not 
because 2J[3] = -Z^[3] = y. Note that a dimer model on a sphere is never zigzag 
consistent as its universal cover is finite. 



Theorem 3.3. II Oil If a dimer model is zigzag-consistent then its Jacobi Algebra is 3- 
Calabi-Yau. 
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4. Rectified dimers and gentle categories 

Given a quiver Q that splits the surface we construct a dimer model, which we call the 
rectified dimer RQ. 

• The vertices of RQ are the centres of the arrows in Q 

RQo := K :=a(l/2)|aeQi}. 

• The arrows of RQ are segments a = connecting the centres of two (weak) 
arrows that follow each other clockwise in one of the boundary cycles. 

It is easy to check that this is indeed a dimer model. Each of the boundary cycles of Q will 
give a positive cycle in RQ and each of the vertices in RQ will give us a negative cycle. In 
Euclidean geometry the process of cutting of the vertices of a polyhedron at the midpoints 
of the edges is called rectification, hence the name. 

To each of the arrows we assign a Z2-degree. If abr is a boundary cycle of Q and a and 
b are both real or both weak we give the arrow a = haVh degree 1. Otherwise we give it 
degree 0. Note that if Q is already a dimer then all arrows in RQ have degree 1. 

Example 4.1. Below are two examples of rectification. In the first we rectify a quiver on 
a torus with one vertex and two loops to obtain a dimer model with two vertices and four 
arrows. In the second example we rectify a tetrahedron to obtain an octahedron. 





To indicate the grading we marked the degree zero arrows. The unmarked arrows all have 
degree 1. 

Instead of associating to this dimer its Jacobi category, we will look at a different cat- 
egory. The gentle category of a rectified dimer is the quotient of the path category by the 
ideal generated by relations of the form a/3 where a and (3 are consecutive arrows of a 
positive cycle. 

CRQ 



Gtl (RQ) := 



[al3\3p : a^p € RQj) 



Remark 4.2. The gentle category of a rectified dimer is a generalization of the gentle alge- 
bra of a triangulation which was introduced by Assem, Briistle, Plamondon and Charbonneau- 
Jodoin in |3 1. If the original quiver that splits the surface comes from a triangulation, these 
two algebras coincide. One can easily check that Gtl (RQ) is a gentle algebra in the sense 
of El and a. 

We end this section with a lemma on the structure of Gtl (RQ) that will be useful later 



Lemma 4.3. If v, w are two vertices in the rectified dimer RQ then 

{pC[c] if c — vpwq is a negative cycle 

C[ci , C2\/{ciC2) V = w and ci , C2 are the two negative cycles through v 
otherwise 

Moreover all negative cycles have even degree. 

Proof Any nonzero nontrivial path can only be extended in one way to a nonzero path that 
is one arrow longer: one must add the arrow that sits in the same negative cycle as the last 
arrow. So, if p is a nonzero path then all its arrows must be contained in one negative cycle. 
This imphes the statement above. 



8 



RAF BOCKLANDT 



The degree of a negative cycle is even because if on changes the direction in one of 
the arrows in the orginal dimer, the degree of the cycle doesn't change (2 rectified arrows 
change degree). If all original arrows arrive in the original vertex representing the negative 
cycle then all rectified arrows in this cycle have zero degree. □ 

We will now describe a specific Aoo-structure on Gtl (RQ), which can be constructed 
inductively. For any sequence of paths pi, . . . ,pk and any cycle 61 ... 6; G RQj with 

h{bi) ~ t{pi) we set 

. . . ,K&i,62, ■ • . . . . ,Pk) {-lY\i{pi,...,Pk)- 

with sign convention s = l{pi + ■ ■ ■ + pi + k — i). 

( /^X \ 



= ±li 

V...^ \...y 

For fc > 2 we set [i(qi, . . . ,qk) = if we cannot perform any reduction of the form above 
and for fc = 2 we use the ordinary product on Gtl (RQ). This Aoo-structure is an example 
of a broader class of Aqo -structures /z", parametrized by maps Q J x N — >■ C, introduced in 
the appendix. In particular ]jl = 11'^ with k{c, j) = 1 if i = 1 and k(c, i) = if i > 1. 

Theorem 4.4. 

(1) /J defines an koo-structure on Gtl (RQ). 

(2) Ifn is an Aoo-structure on Gtl (RQ) such that for every cycle c — ai . . . ai G RQ J 
there is a Ac S C such that 



H{ai,...,aj) ^ 



Xch{ai) j — i + 1 = mod I 

j + 1 ^0 mod / 

then fj, is kao-isomorphic to /J. 

Proof. This is a combination of theorem l9^ lemma l9?70l and theorem r9.12l Proofs of these 
results can be found in the appendix [?]. □ 

Different quivers in the same surface will give different gentle Aqo -categories, but these 
categories are closely related. In fact if we go to the twisted completion the difference 
disappears. 

Lemma 4.5. Suppose Q is an embedded quiver that splits the surface |Q| and a is one 
of the arrows of Q. If Q' is the new quiver obtained by changing the direction of a (i.e. 
swapping its head and tail) then TwGtl (RQ),/j and TwGtl (RQ'),/j are isomorphic Aqq- 
categories. 

Proof. Let vq be the object in Gtl (RQ) corresponding to the arrow a we want to reverse. 
We denote the corresponding object in Gtl (RQ') as Vq. All other objects we denote by Vi 
in both categories. We now define a strict functor : Tw Gtl (RQ) — )■ Tw Gtl (RQ'): 

• Jo(wo[0]®'"° +wo[l]®''"^ + rest, (5) = (t;^,[l]®™« + WoM®™' + rest, 5) 

• ^iif) = f 

It is easy to check that the degrees match up and that this is an isomorphism. □ 

Lemma 4.6. Suppose Q is an embedded quiver that splits the surface |Q|. Suppose that 
ai . . .ttk is a boundary cycle and let b be a new arrow in this face connecting h{ai) and 
h{ai) with 2 < i < k — 1. Denote the quiver obtained by adding b to Q as Q', then 
H TwGtl (RQ) anc/H TwGtl (RQ') are equivalent as Aoo-categories. 

Proof. Let vq be the object in Gtl (RQ') corresponding to the arrow b we want to add. 
Denote the object corresponding to the arrow aj by Vj in both categories. We use the 
Greek letters aj to denote he arrow between Uj+i and Vj and the arrow /3o connects vi 
with Vq and /3i connects vq to Vi . 
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We can identify vq with the object 

'0 Ql 

We have a map fi : vq ^ w given by ( o ■ ■ ■ o ) ' and a map f2 '■ w ^ vq given by 
(o - ft). 

These maps are each other's inverses in H Tw Gtl (RQ'). Clearly /12 (/i 1/2) = m(/i ,S,...,d,f2) 
/i(/?o,cki, . . . ,ai,f3i) — lyg. On the other hand we have 

m(/2, /i) = m(/2, /i, i5, . . . , (5) + pi((5, /2, /i, 5, . . . , (5) H + fiiS, . . . , (5, /2, /i) 

/ /i(ai,. /3i,/3o) 

M(Q2,...,Qi-i,^i,^0,ai) 

V /i(ft,/3o,ai, 
"1 



Because the twisted completion is itself closed under twisted completion, HTwGtl (RQ') 
is a full subcategory of HTwGtl (RQ). By construction the latter is also a full subcategory 
of the former, so they are equivalent. □ 

Corollary 4.7. As an Aao-category HTwGtl (RQ),/j only depends on the genus of the 
surface and the number of the vertices o/Q. 

Proof. By adding enough arrows we can turn Q into a triangulation, so the statement only 
needs to be proven for triangulations. By fT9l we know that two trangulations of punctured 
surfaces can be turned into each other by a process of mutation. 

This process removes an arrow to create a quadrangle and then puts in a new arrow. By 
lemma l4~6l this does not change Tw Gtl (RQ). □ 

5. The relation with the wrapped Fukaya category 

A Liouville manifold is a manifold S with punctures equiped with a 1-form such that 
Lo = d9 is a. symplectic form. The symplectic forms allows us to transform the 1-form 
into a vector field which generates a flow called the Liouville flow and we demand that the 
Liouville flow points towards the punctures near them. To any Liouville manifold one can 
associate an Aoo-category called the wrapped Fukaya category FukS*. We start with objects 
that are graded exact Lagrangian submanifolds which are invariant under the Liouville flow 
outside a compact subset of S. 

The space of morphisms between two Lagrangians ^0 and ^1 is defined as the vector 
space spanned by the intersection points between and the time 1 flow of for a 
Hamiltonian i7 : S* — > K which is quadratic at infinity. 

Hom(^o,^i) = C*'(^o)n^i where dH ^ Lu{-^(f>\ -) 

Note that such intersection points are also in one to one correspondences with time one 
chords between ^0 and These are curves 7 : [0, 1] — ^ 5 : i H> '/>*(7(0)) such that 
7(0) e^oand7(l) e ^1. 

Consider a sequence of intersection points ?^ ^fe-i • ■ ■ .^1 ^ ^o- The product is 
defined as 

Mn(Pfe, ■ • ■ ,Pl) = X! "^-J^- 

where uig counts the signed number of immersed convex k + 1-gons such that the edges 

map to (/)''^o, (j>''~^^i, . ■ ■ (p^J^'k-i,^k and vertices to (j)''^^pi,(j)^~'^p2, ■ ■ ■ ^Pk and q' . 
Here q' is the intersection point between <j>''^o and ^k such that q' gradually turns into q 



10 



RAF BOCKLANDT 



if we look at the intersection points between (ff^o and and vary t from fc to 1. Finally, 
to get the full wrapped Fukaya category we take the twisted completioiJJ The definition of 
the wrapped Fukaya category has a lot of technical issues for which we refer to [.39J and 

m. 

In the case of a punctured surface, such Lagrangians can be seen as curves connecting 
the punctures. By tweaking the Liouville structure on the punctured surface we can ensure 
that each arrow of an embedded quiver is an exact Lagrangian Ci and the punctures of 
the surface match the vertices of the quiver 

The Hamiltonian will make the flow spiral around the punctures, as illustrated below. 




This implies that for every natural number n there is a time one chords between the two 
Lagrangians that circle around the puncture counterclockwise n times. Likewise in the 
algebra Gtl (RQ), there is also exactly one path between the two vertices that circle around 
the puncture n times. This means that there is a bijection between HomFuk(-S^'i, -S^j) and 
Gtl (RQ)waj . So, considered as a vector space the full subcategory of Fq C FukS* \ Qo 
containing the objects and the category Gtl (RQ) are isomorphic. 

Theorem 5.1. Consider a quiver Q that splits a surface S and put a Liouville structure on 
S\Qo. 

(1) The full subcategory f uk(Q) of the wrapped Fukaya category FukS* \ Qo vv/f/z ob- 
jects the arrows ofQ is koo-isomorphic to Gtl (RQ) with its generic koo-structure. 

(2) Fuk5' \ Qo is equivalent to Tw Gtl (RQ), /j. 

Proof. (Sketch) We akeady know that there is a linear isomorphism, so we only need to 
check the ordinary multiplications. The pictures of the compositions are easier to parse 
if we go to the universal cover of a closed neighborhood of a puncture. As such a neigh- 
borhood is a cylinder, the universal cover will be the upper half plane. The original La- 
grangians will be vertical half lines and the flowed lines can be seen as sloped curves. 




We can now draw a picture for the ordinary multiplication and the product of all arrows 
around a positive cycle in RQ. The immersed polygon is shaded in both pictures. 



In principle we need to take the Karoubi completion, wliicli ensures that direct summands of objects will also 
be objects. 



NONCOMMUTATIVE MIRROR SYMMETRY FOR PUNCTURED SURFACES 



11 




Finally all products of shorter or longer sequences of arrows around a positive cycle are 
zero because there is no appropriate intersection point or there is a convexity problem. 
This establishes the first part of the theorem. 

The second part is basically a consequence of the fact that HTwGtl(RQ) does not 
depend on the quiver Given any Lagrangian in Fuk5 \ Qo we can add Lagrangians until 
we get a quiver Q that splits the surface. This implies that this particular Lagrangian sits 
in HTwGtl (RQ). So every Lagrangian sits in a HTwGtl (RQ) and HTwGtl (RQ) C 
Fuk(S'\Qo) C HTw(GtlRQ). □ 

6. Consistent dimer models and matrix factorizations 

6. L Matrix factorizations in general. Consider either an algebra A or a smooth algebraic 
variety X. A potential is defined as a central element W G Z{A) in the former case or a 
polynomial function X — > C. The pair (X, W) is called a commutative Landau-Ginzburg 
model, the pair (A, W) is a noncommutative Landau-Ginzburg model. 
A matrix factorization of a Landau-Ginzburg model is a diagram P 

Po 
Pi 

where Pi are projective A-modules or vector bundles over X such that that popi = W and 
PiPo = W. 

Given 2 matrix factorizations P and Q we define Hom(P, Q) as the following Z2-graded 
space of module morphisms/sheaf morphisms 

Hom(P, Q) ^ Honic(Po, Qo) ® Home (Pi, Qi) ©Home (Pq, Qi) ® Homc(Pi, go) . 

" v ' " v ' 

even odd 

On this space we have a differential of odd degree: 

V/io fiij \Pi J \fio fii) \-fio fii J \qi OJ 

It is easy to check that — 0. 

The category of all matrix factorizations is denoted by MF(A, W) or MF(X, W) and it has 
the structure of a Z2-graded dg-category or Aoo-category. In many cases it is interesting to 
look at small subcategories of this Aoo-category. 

6.2. Tlie Aoo -algebra for a consistent dimer model. Let Q be a zigzag consistent dimer 
model on a surface (with nonzero genus) and A its Jacobi algebra. The Jacobi algebra has 
a central element coming from the cycles 

veQo 

where Cy S Q2 is a cycle starting in v. Note that the relations in the Jacobi algebra ensure 
that this expression does not depend on the choices of v and is indeed central. 
For each arrow a we can define a matrix factorization of £ 

Pa := Ah{a) At{a) 

a 

where a is defined such that aa G Q2. 
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We define mf (Q) as the dg-category with as objects the Pa and morphisms as in the 
previous section. 

If Q is the universal cover of Q and tt the cover map, then we can also define matrix 
factorizations in the universal cover Pa for every a G Qi. By lifting paths to the universal 
cover we can easily see that 

Hoin(P„A)- Hom(Fa,n)- 

b,TT{b)=b 

where we have chosen a fixed lift of a and vary over the lifts of b. This identification is also 
compatible with the differentials on both sides. 

As we already know mf (Q) is a dg-algebra and hence its homology Hmf (Q) allows an 
Aoo-structure. Because the original dg-structure is compatible with the Uft to the universal 
cover, this Aoo-structure will also be compatible. 

6.3. A nice basis for Hmf (Q). Recall that the zig ray Z+ (zag ray Z^) of an aiTow ao is 
the infinite sequence . . . 020100 of arrows in the universal cover, Q, such that 0^+10^ sits in 
a positive cycle if i is even (odd) and in a negative cycle if i is odd (even). Given a piece of 
a zag ray Z — Ou . . . aioo with even length, we define the left (right) opposite path as the 
path formed by all arrows that are not in Z but are in positive (negative) cycles which meet 
Z. If Z has odd length we take the left opposite path a„_i . . . oq and the right opposite 
path of a„ . . . oi. 

We can put these two opposite paths in the correct entries of a 2 x 2-matrix and add an 
appropriate minus sign on the upper right entry. 




0PP2 



In this way we obtain an element in ({Z) G Hom(Pau7^ao) which is an off-diagonal or 
diagonal matrix, depending on whether the length of Z is even or odd. 

Lemma 6.1. If Q is a consistent dimer model on a surface with nonpositive Euler charach- 
teristic and Z is a zigzag path then both opposite paths are minimal (i.e. not a multiple of 
I). 

Proof. From ||T3 we know there is a unique minimal path between every two vertices in 
the universal cover and such that every other path between these vertices is a power of t 
times this path. 

Let p be the minimal path in the universal cover that connects h{Z) to t(Z) and let a be 
the last arrow of Z. First suppose that p does not cross Z and assume we cannot apply any 
reductions to p that make the piece that p and Z cut out smaller We will prove the lemma 
by induction on the number of faces inside this piece. 

If this number is 1 we are done because then the path is precisely the opposite path. If 
the number is bigger than 1, then the other zigzag path Z' that goes through the penultimate 
arrow of Z must cut the piece in two. Let h be the arrow where Z' intersects p and denote 
by p' the path which consists of the piece of p before h. If p is minimal then so must p' a be 
and by induction it must be the path that goes opposite to Z' . 

The arrow h makes that hp' and a forteriori p can be reduced. 
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If p does cross ^ in an arrow or a vertex, we can apply the above argument for each of the 
pieces separately and get the same result. □ 

Lemma 6.2. The ({Z) for which Z starts in a and ends in bform a basis for H Hoin(P(,, Pa). 

Proof. Because of Z2-degree and path-degree reasons we can look for basis elements of 
the forms 

( /oo \ (a /oi \ 

V /ii J ' /lo J 

where the are paths up to a sign. We will only treat the first case. Being in the kernel 
of d impUes that /n = a~^(/oo&) = (a/oo)^~^ S Jac (Q). These two conditions are the 
same as asking that a/oo& is a multiple of £. Being in the image of d implies that /oo is a 
left multiple of a or a right multiple of b (which is equivalent to /n being a right multiple 
of 6 or a left multiple of a). 

So we are looking for paths /oo such that afaob is a multiple of £ but neither a/oo or 
foob is a multiple of i. In particular this means that /oo and /n are both minimal paths. 

Now look at the paths /oo and fn in the universal cover. If these 2 paths intersect at 
a vertex v we can split fa in two fiyvfyi. Now a foy and /i„ are both minimal and run 
between the same vertices so they must be the same. But then /n = aafovfvi is a left 
multiple of d which is impossible. So a, b, /oo and /n bound a simply connected piece S 
in the universal cover. After applying the relations we can assume that this piece is as small 
as possible. 

Look at the zigzag path Z that starts from a and enters this simply connected piece. This 
zigzag path must leave the piece at an arrow c. 




If c is in /oo then we can split /oo = foccfco- Because of minimality /oc and the opposite 
path running along the zigzag path from h{a) to h{c) must be equal. But then /ocC ends 
in d where d precedes c in the zigzag path. This contradicts the fact that we chose S as 
small as possible. Similarly Z cannot leave S through an arrow of /n, so 6 must he on the 
zigzag path through a. In order for Z to leave S at b, we must have that Z[i] = b with b 
even. □ 

Corollary 6.3. In the universal cover Q the space H Hoin(Pj, Pa) is either zero dimensional 
or one dimensional, depending on whether b sits in a zigzag ray from a or not. 

Now we are going to express the -products in terms of these bases. To do this we 
will expand this basis to a full basis of Hoin(Pf,, Pa). 
Consider the set of matrices 

where /oo and /oi are paths. 



f /oo 




r 


/oi\ 


I 


or 


lo 


j 
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'0 \ / 
,0 /iJ'l/io 



where /ii and /lo are paths and a/ii6 ^,afiob ^^Jac (Q) 



and let U be the span of these matrices. 

By construction it is clear that the matrices above are linearly independent and 

Hoin(P„, Pb) = U e HHom(Pa, Pb) ® d{U). 

This split allows us to define a codifferential 

h : Hom(Pa, Pb) Hom(P„, Pb) : Ui ® C(-Z^'^) ® du2 '-^ U2 ® ® 

Lemma 6.4. 

• dhd — d, 

. hiaz)) = 0. 

• h respects the split Hoiii(Pa, Pb) = ®b,n{b)=b Hom(Pa, Pj). 

Proof. These facts follow easily from the construction. □ 

We are now going to determine the ^co-structure on Hmf (Q). First we start with the 
ordinary multiplication. 



Theorem 6.5. Suppose Z\ is a zigzag path from bto a and is a zigzag path from a toe 

C^iZ^ar^ Z\) ifZiar^Z\ is a zigzag path 
otherwise 



M(C(^i),C(22)) 



Proof. From the formula for the AoQ-structure we get 

Mc(^i),c(^2)) = {i-hd+dh)iazi)az2)) 

Now ({Zi)({Z2) is a matrix that either consists of 2 paths (possibly with signs) on the 
off-diagonals or on the diagonals. The expression (1 — /irf + dh){C,{Zi)<^{Z2)) wiU be 
nonzero only if these paths are opposite paths of some other zigzag path. 

If Z2a~^Zi is a zigzag path, one can easily check that ^{Zi)^{Z2) = C,{Z2a~^Zi) and 
hence m(C(^i), C(22)) = C(22a-^2i). 

If Zi and Z2 are zigzag paths in different directions, we will show that H Hom(Pf,, Pg) = 
in the universal cover. If this were not the case then there must be a zigzag path Z from 
cto h. 

If Z2 lies to the left of Zi then in order for Z to intersect with Z2, Z must also lie to 
the left of Zi and therefore the length of Z\ must be odd. 



For similar reasons the length of Z2 must be odd while the length of Z must be even. 
This is impossible because of the degree of /x(C(2^i), C(-2^2)) would then be even while the 
degree of C,{Z) is odd. □ 

Theorem 6.6. Let a\. . .akbe a positive or negative cycle in Q then 
li{C{aia2), C(a2a3), • • • , C(«(«(+i)) = 
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Proof. First note that 

= (a. . V . , ~V) ■ 

\ai+2 ■ ■ ■ O-i+k-l U J 

Therefore 

h{C,{a^ai+l)C,{a^+la^+2)) = ( „ ^ „ , n ) 

and by induction 

h{. . . h{h{C{aiai+i)C{ai+iai+2)C{ai+2ai+3) . . . )C{ai+rai+r+i) 

\^«j;+r+2 • • • a-i+fc-i Oy 

ifr + 2<fc — 1 and zero otherwise. 

If we muhiply two such expressions together we get zero. If we muhiply one such 
expression on the left with C(«t-i«i) we get a matrix with only the upper left diagonal 
nonzero. If we apply h to this we also get zero. 

The only trees that might give a nonzero contribution to /U are 




7r(/i(. . . /i(/i(C(aia2)C(a2a3)C(ai+2ai+3) • • • )C(arar+i)) 



7r(C(aia2)/i(. . . (/i(C(a2a3)C(ai+2ai+3) • • • )C(arar+i)) 

Both expressions can only give a nonzero result if r = fc. Indeed by degree reasons these 
expressions are even: r deg C(oia2) + (j' — 2) deg h + deg tt = 0, but the only path that 
goes opposite a zigzag path of odd length which is also a subpath of ai . . . Oj+r is the trivial 
path and this happens when r = mod fc. If r > fc + 1 the expression h{h . . .h{. ..)) 
will be zero. 

If r = fc then we see that 

h{. . . h{h{C{aia2)C{a2a3)C{ai+2ai+3) ■ ■ ■ Xiardr+i)) 
+C{aia2)h{. . . {h{C{a2a3)C{ai+2ai+3) . . . )C(arar+i)) 

Because the latter is a basis element of the homology, 7r(C(ai)) = CC^^i)- 1^ 




7. DiMER DUALITY AS MIRROR SYMMETRY 

Let Q be any, not necessarily consistent, dimer. We define its mirror dimer P as follows 

(1) The vertices of P are the zigzag cycles of Q. 

(2) The arrows of P are the arrows of Q, h(a) is the zigzag cycle coming from the zig 
ray, and t{a) is the cycle coming from the zag ray. 

(3) The positive faces of P are the positive faces of Q. 

(4) The negative faces of P are the negative faces of Q in reverse order. 

We illustrate this with a couple of examples: 
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Remark 7. 1. The dual can also be obtained by cutting the dimer along the arrows, flipping 
over the clockwise faces, reversing their arrows and gluing everything back again. This 
construction is basically the same construction that was introduced by Feng, He, Kennaway 
and Vafa in 1 13 1 applied to all possible dimers. 

Lemma 7.2. Q n-P is an involution on the set of all dimer models. 

Proof. Let Z = oi . . . a/j be a zigzag cycle in p. If i is odd then aifli+i sits in a positive 
cycle in P while a^ai+i sits in a negative cycle of P when i is even. 

This implies that 0^0^+1 sits in a positive cycle in Q for i odd while 0^+10^ sits in a 
negative cycle of Q when i is even. Hence in Q the odd arrows of Z must have the same 
head in Q which is equal to the tail of the even arrows. This means there is a well defined 
map from the zigzag paths in P and the vertices of Q. Because a is an even arrow in its 
zig cycle and an odd in its zag cycle, under this map the zig cycle and the zag cycle of a 
in P correspond to the original head and tail. Finally this map is a bijection because given 
any vertex w e Q we can make a zigzag cycle in P by listing all arrows incident with v in 
a clockwise direction. □ 

Theorem 7.3. If Q is a consistent dimer then Hmf (Q) is Aoo-isomorphic to Gtl {RQ),iu. 

Proof. The underlying category of Hmf (Q) is indeed isomorphic to Gtl (RP). The paths 
in Gtl (RP) are those that cycle around vertices of P, which are precisely the zigzag paths 
of Q. Two paths multiply to zero in Gtl (RP) if they go around different vertices in P just 
as the product of C(pi) • C{P2) is zero if they belong to different zigzag cycles. Therefore 
we clearly have an isomorphism of categories. 

Finally the Aoo-structure is Aoo-isomorphic to p because of lemma l676l and theorem l4~4l 

□ 

Corollary 7.4. For any consistent dimer Q we have that Hmf (Q) and Fuk(|P|\ Pq) are 
Aoo-isomorphic koo-categories. 

Note that the above result applies to all consistent dimers, not only those on the torus. 
This means that the Jacobi algebra of these dimers is not necessarily Noetherian. So in 
some cases this result does not derive from a commutative instance of mirror symmetry in 
the background. However if one restricts to dimer models on a torus it is possible to recover 
the commutative picture from the dimer itself. 

8. Recovering the commutative picture 

Let Q be a consistent dimer model on a torus and let A = Jac (Q) be its Jacobi algebra. 
Fix a vertex o which we will call the trivial vertex. Now choose 2 cyclic paths x, y through 
o that are not multiples of £ and form a basis for the homology of the torus. Finally let z be 
any positive cycle through a. 

A perfect matching "Pisa subset of the arrows such that every positive or negative cycle 
contains exactly one arrow of V. Every perfect matching defines a degree function on A 
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by setting the degree of an arrow equal to 1 if it is in the matching and zero otherwise. A 
collection of perfect matchings {Pi , . . . , T'fe } is called 9-stabl^ if there is a path from o to 
every vertex that has degree zero for all the matchings in the collections. 
For every stable collection S ~ {Vi, . . . , 'Pfc} we define a cone in = 

as = K+ (Pi (x) , Pi (y) , Pi (z)) + • . • + K+ (P,. {x),Vk (y) , Pfc (z)) 

Theorem 8.1 (Ishii-Ueda-Mozgovoy). The collection of cones as where S is a stable set 
of matchings forms a fan and the toric variety of this fan, X is a crepant resolution of 
X = SpecZ(A). 

If we intersect the fan with the plane at height z = 1, we get a convex polygon, which 
is subdivided in triangles and on each integral point of the polygon sits a unique perfect 
matching. These lattice points will also give us a basis for the toric divisors of X. So 
any line bundle over X can be identified with a Z-linear combination of stable perfect 
matchings. In this language we have the following: 

Theorem 8.2 (Ishii-Ueda ll22l -Moz go vov-B ender 1331). There is an equivalence of cat- 
egories ^ : D^'ModA -> D'^CohX, which maps the projective vk to the line bundle 
T^i{Pv)'Pi where is any path from a to v and the sum runs over all stable match- 
ings. 

In ||23l Ishii and Ueda use this result to get an equivalence of categories between the 
corresponding categories of matrix factorizations. 

Theorem 8.3 (Ishii-Ueda- 1 23 1). There is an equivalence of categories ^ : H °MF(j4, £) 

h"mf(x,£). 

The last theorem implies that any of the matrix factorizations Pa is transformed into a 
matrix factorization of hne bundles J^'a over X. 

We illustrate the theorems with one particular dimer model. We take vertex 1 to be the 
trivial one. 



Dimer 



■® 







(2)—W^( 




d ■■ 
X. a , 


■ d 



■® 



Stable Matchings 

Pi ^{h,w] 
V2 ={d,z} 
Vs = {a, y} 
Pi = {c, x} 
Ps = {a, b} 



Fan 




Linebundles 

^1=0 

■^3 — Ovi+V2 
^4 = C)vi+V2 + V4 



®-^®' 

The only thing that is missing to get an equivalence 

E°KF{X,e) = H°Fuk|P|\Po 

is a proof that the objects generate H °MF(X, £). We will briefly sketch a proof of this. 
In [[36l Orlov proved that we have an equivalence of categories 

hOmf(X,£) - withXo := r\0). 

Perf{Xo) 

The second category is the quotient of the derived category of the zero fiber of £ by its 
perfect complexes. This category is also called the category of singularities of Xq. The 



functor that realizes this equivalences maps a matrix factorization Pq 



Pa 



Pi 



Pi .to Cokpo- 



If we can prove that D^'Coh (^^^(0)) is generated by the Cok^a for a G Qi we are done. 

For each cone <t of co-dimension i in the fan we get a dimension i closed subvariety 
Ycr of Xq which is the intersection of the toric invariant divisors that generate the cone. If 
we can find for each a an object that is supported on an open subvariety of Yo-, then 



The B we use is negative for tiie trivial and positive for all other vertices. 
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the collection ./Mc will generate D''Coh (Xq). This is true because D''Coh (Xq) is generated 
by the subcategories Dy^CohXo, containing the objects with homology supported on the 
Ycj. In fact one only needs the with codimension zero because these are the connected 
components of Xq. Each of the \ ^t^o^t is affine and hence together with the 
subcategories D''Coh y^pFT^o generate the whole D''Cohy^(Xo). 

Let (7 be a cone generated by {Pi^ , ■ ■ ■ , 'Pit.}- Consider = ^^euv This is 

a sheaf over Xq which has maximal rank at the locus where all a G UVi are zero. This is 
precisely and hence Ua generates a sheaf which has rank one on an open subspace 
of Yi and is zero elsewhere. 
All this allows us to conclude: 

Theorem 8.4. Given a consistent dimer model on a torus Q, and X a crepant resolution 
ofSpecZ{Jac Q) we have the following equivalences. 

}i°HF{X,e) Gs^H°MF(JacQ,£) = H°Fuk|P|\Po 

We end with a graphical connection between the surface of the mirror dimer and the 
polygon constructed from the original dimer. 

Theorem 8.5. Let Q be a consistent dimer on a torus. The mirror dimer p gives us a 
surface |P|\ Pg of genus g with k punctures, where g is the number of internal lattice 
points of the polygon associated to Q and k is the number of boundary lattice points. 

Proof. For every lattice point in the polygon there is precisely one stable perfect matching. 
If we take two consecutive stable perfect matchings Vi , V2 on the boundary, then the arrows 
in Pi U 7^2 \ 7^1 n P2 form a zigzag path and any zigzag path can be constructed in this way 
(for a proof of this see [?]). This implies there is a bijection that maps the line segments 
on the boundary between the lattice points to zigzag paths and hence the number of zigzag 
paths equals the number of boundary lattice points. 

The equivalence between the -groups of D''CohX and D''ModJac (Q) shows that the 
number of maximal cones in the fan of X equals the number of vertices in Q. The former 
equals twice the area of the polygon because the fan cuts the polygon in elementary trian- 
gles. By Pick's theorem this area is 5/2 + /— 1 where B is the number of boundary lattice 
points and / the number of internal lattice points. From this discussion we get that 

# Po= #{zigzag paths in Q} = B and #Qo = B + 2I-2. 

The genus of |P| is 

# Po -# Pi +# P2 



= 1- 
= 1 - 



2 

#Qo-(2/ + 2)-#Qi+#( 
2 



_^ (2/ + 2) + _^ 
2 

The first step follows because ^ Pj= for i = 1,2, while the second step is a conse- 
quence of the fact that Q sits in a torus. □ 

Remark 8.6. This welUcnown by physicists and can be found in (13). Graphically we can 
say that the mirror surface |P|\ Pq is a tubular neighborhood of the dual diagram of the 
fan associated to X. 

Fan Dual |p|\ Pg 

,0 
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9. Appendix: Hochschild Cohomology and Aqo -structures 

In this appendix we look at the connection between Hochschild cohomology and Aqq- 
structures and calculate the Hochschild cohomology of the gentle categories coming from 
rectified dimers. 

Then we will define certain Aoo -structures on these gentle categories and use our calcu- 
lation to find criteria for when a given Aqo -structure will be Aoo-isomorphic to one of our 
defined ones. 

In this appendix we will assume that Q itself is a rectified dimer, so in particular every 
vertex has 2 arrows arriving and two arrows leaving. 

9.1. Hochschild cohomology and Aqo -structures. The discussion in this section closely 
matches [7J- If we are interested in Aoo-structures on an ordinary category B = Gtl Q up 
to Aoo -isomorphism, we need to study the Hochschild cohomology of B. 

A length n multi-functor T consists of linear maps for each sequence of n + 1 objects 
Xq, . . . ,X„ e ObB. 

J" : HomB(Xi,Xo) «)•••«) HomB(X„,X„_i) Homc(X„, Xq). 

The set of all length n-multifunctors forms a Z2 -graded vector space which we denote by 

We can construct a differential d : A^" — A^"+^ 

dJ^ifl, ■ ■ ■ , fn+l) =fl^{f2, • ■ ■ , fn+l) 

^-^(/l/2, ■ • ■ , fn+l) + J^ifl, 12/3, ■ ■ ■ , fn+l) • • • ± -^(/l, • ■ • , fn-lfn) 
T J^ifl, • ■ • , fn-l)fn 

The Hochschild cohomology of B is defined as the cohomology of the complex M*: 

HochC(B) ■=E{M'). 

The importance of the Hochschild cohomology of C can be seen by the following 2 
lemmas. 

Lemma 9.1. Q Let pn, i < k be a sequence of multifunctors with /zi = and H2 = • then 
we can rewrite [Mk] as 

duk = $ 

where $ is an expression calculated from the fii,i < k and = if all [Mi] for < k hold. 

Lemma 9.2. [[7| Let fi and v be two koo-structures on B and let Ti, i < k be a sequence of 
multifunctors with Ti = \ then we can rewrite [F^+i] as 

dTk = ^ 

where ^ is an expression calculated from the fii, the Vi and the !Fi,i < k. Moreover 
= if all [Fi] for i < k hold. 

These lemmas imply that we can find a solution for /Xfc (or Tk) if and only if the homol- 
ogy class of $ (or vj/) is trivial. So calculating the Hochschild cohomology of B is crucial 
if one wants to classify Aoo-structures on B. 

9.2. Hochschild cohomology of the gentle categories. Now we will calculate the Hochschild 
cohomology of the gentle category B = Gtl (Q), which we will view as an algebra in this 
section. For this we will use a minimal bimodule resolution for B, which can be obtained 
by a result by Bardzel [8]. 

Theorem 9.3 (Bardzel). Suppose B is the path algebra of a quiver Q modulo relations of 
length two. Let Zk C CQ be the vector space spanned by paths of length k of which all 
subpaths of length 2 are zero in B. 

The terms in minimal bimodule resolution V* are given by Vk — ^ ® ®B where the 
tensor product is taken over C-Qq. The maps between the terms have the following form 

I ® bi . . .bk ® I ^ bi ®h2 . ■ .bk ® I - (-1)'' 61 . . . hk-i bk 
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As is well known the Hochschild cohomology of B is the cohomology of the complex 

HomB®B°pp(7'',B). 

Note that both this complex and V are ZQi-graded with degree zero differentials. 
Moreover in the case of these gentle algebras, the bimodule resolution also splits as a direct 
sum where each summand V' only contains the paths that go around one cycle c G Q^. 
So let us focus on one such cycle c — bi . . .bi and set bk to be bk mod i for all fc G Z. 

Cleai-ly 

HomB^Bopp (B 'S>bi... b-j ® B, B) = h{bi)Bt{bj) 

and we will use the notation [bi ■ ■ - bj —> x] for the morphism that maps bi ... bj to x G 
h{bi)Bt{bj). By lemma [43] the space h{bi)Bt{bj) is only nonzero in 3 cases. 

(1) If \bi . . .bj\ — —1 mod / then h{bi)Bt{bj) ~ 6^\zC[z] where z is the unique 
negative cycle through 

(2) If \bi .. .bj\ =0 mod I then h{bi)Bt{bj) — h{bi)C[zi, Z2]/{ziZ2) where zi,Z2 
are the two negative cycles that start in h{bi). 

(3) If \bi . . .bj \ — I mod I then h{bi)Bt{bj) ~ biC[z] where z is the unique negative 
cycle through bi. 

With the notation above, the differential on HomB(gB°pp(7'*, B) becomes 

d[bi . . .6j -> x] = [bi-i . ..bj ^ bi-ix] - (-l)^^*[6i . . .bj+i xb^+i] 

(1) lf\bi...bj\= i-i + l = -I mod l\htnd[b, ...b^-^ K-i^'^] = h-i • ■ • &j ^ 
z"] — {—iy^'^[bi . . . — > Both terms only appear for the differ- 
ential of [bi . . . bj 6j^\z"], so d acts injectively on Hom(7'^^*+^, B). 

(2) If \bi . . .bj[ — mod I and x — or x — Z2, u > then one term of 
d[bi . . .bj x] is zero and the other nonzero. Every such term appears exactly 
twice: 

d[bi . . . bj x] — ±d[bi^i . . . — > bi^ixbj}{\ if bi-i sits in x 
d[bi . . .bj ^ x] — ±d[bi+i . . . — s> b^^xbi] if bi sits in x 

The sum/difference gives us an element in the kernel which is in the image of d. 

For X = h{bi) we get that both terms are nonzero and it is easy to check that 
each term appears twice: once for d[bi . . .bj h{bi)] and once for d[bi±i . . . bj±i 
h{bi±i)] and therefore the homology in degree i — j + 1 = mod I is generated 
by elements of the form 

0<u<j—i 

(3) If \bi . . .bj\ ~ 1 mod / then d acts as zero because for any x — biz"^ the terms 
of the differential each contain two consecutive arrows of c. As we have seen 
above, each term \bi . . . bj biZ^] is in the image of d if u > 0. If u = 
then [bi . . . bj — > bi] — (— 1)-'"*+^ [bi . . . bj — > bj] is in the image of d, clearly this 
implies that 

0<u<j~i 

is the only element we need to add to the image to span the whole space. 
From this discussion, we can conclude that 

Proposition 9.4. The homology o/Hom(7^*, B) in degrees nl ~ 1 is zero, in degrees nl it is 
one and spanned by 

nl 
i=l 
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and in degrees nl + 1 it is one and spanned by 

rd 

f2^'" = ^(-l)^("'+i)[6,...6,+„z^6i]. 

Now we go back to the original viewpoint of the Hochschild cohomology. Given a 

multifunctor ^ of length k with d"^ = 0, how can we detect whether its cohomology class 
is zero? The idea is to look at the image of A:-tuples of the form (61, . . . , 5^) where the 6j 
are consecutive arrows in a positive cycle: 

Lemma 9.5. Let ^ bea multifunctor of length u with rf^* = then ^' & Kerdif'^{b\, . . . ,bu) 
has no length terms or length 1 terms for every (61, ... , 6„) where the bi are consecutive 

arrows in a positive cycle. 

Proof. For m = mod I the homology class "(6i, . . . , bni-i) = h(bi) contains a 
length term. Now if 11 is any multifunctor of length nl — 1 then one can check that 

Cfll(6i, . . . ,6j+„;_i) = 6jn(6j+i, . . . ,6j+„;_i)-0H =F0±n(6j, . . . ,bi+nl-l)bi+nl-l 

which has no terms of length or 1 because neither n(6j+i , . . . , ) nor n(6j , . . . , bi+ni- 

can be a vertex. 

Similarly for m = 1 mod I, if 11 is any multifunctor of length nl then we can write 
dll{bi, . . . ,bi+ni) = aibi+. . . where a, G C. Now one easily checks that X^"j,j(—1)("'+^^'Q! 

O.Butifwereplacecfllbyni'"wegetthatX;ri:i(-l)^"'"^^''"i = "^^0- 1^ 

Another ingredient we will need is an interesting collection of elements in Kerd. Choose 
for each arrow a and each n > 1 a number (a.n G C Define the multifunctor gt on Gtl (Q) 
by gk{xi, ■ ■ ■ , Xk) = Ca,nsat if xi — sa, Xk = at and for i e [2, fc — 1] all Xi are arrows 
and ax2 ■ ■ ■ xi~-i is the n*'' power of a positive cycle in Q. For other cases where the Xi 
are paths set gi- zero and extend it multilinearly. 

Lemma 9.6. dgk = 0. 

Proof. Note that gk is well defined because through every arrow there is only one positive 
cycle, so sat is uniquely determined by xi, . . . , a;^. 

Let Ml, ... , Mfe+i be paths and suppose dgk{u\, . . . Uk+i) ^ 0, then there must at least 
be one term in the expression that is nonzero. 

• If Uigk{u2, • . . , Wfc+i) 7^ then U2 = sa, Uk+i = at for some a and Uisat ^ 0. 
The second term is —gk{uiU2, ■ • ■ , Wfc+i) = —Cn,aUisat. The last term is nonzero 
because Uk is an arrow b such that a and b sit in a positive cycle and hence ba — 
but if gk{ui,U2, . . . , Uk)uk+i ^ then ui = s'b which contradicts uisat ^ 0. 
Finally all intermediate terms are also zero because they contain the product of two 
consecutive arrows in a positive cycle. 

• If gk{uiU2, . . . , Uk+i) ^ then uiU2 = sa (and hence U2 = s'a) for some a and 
sat = u\s'at 7^ 0. The first term is uigk{u2, • ■ • , Wfc+i) — Cn,aUis'at. Like in 
the previous paragraph all other terms are zero. 

• Similarly the last and penultimate term also cancel out. 

• If an intermediate term gk{ui,. . . , UiUi+i , . . . Uk+i) 7^ then either Ui or Ui+i is 
a vertex. In the former case the previous intermediate term cancels it and in the 
latter case the next term does the job. 

□ 

9.3. Some Aqo -structures on Gtl (Q). We will describe some specific Aoo-structures on 
Gtl (Q), which can be constructed inductively. Choose a map k : Q J x N — > C. 

For any cycle 61 ... 6/ in Q J, power n, paths pi,. . . ,pk and location i e [1, fc] such that 

A pibi ^ and bipi+i ^ 0, 

B pi^ h{hi) if i = 1 andp,+i 7^ t{bi) if i + 1 = k. 
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with sign convention s = nl{pi + ■ ■ ■ + pi + k — i). 




Lemma 9.7. The rule above makes fi'^ well defined for all u. 

Proof. We have to check that if there are two positive cycles a^, . . . ai and bs ■ ■ - bi that can 
be used to reduce the product, the end result will not depend on the order of the reduction. 
If we look at an entry that is equal to an arrow, we can uniquely identify the cycle and the 
power we need to reduced this arrows away. This is because each arrow sits in just one 
positive cycle and property B will determine the power. 

If we have two cycles that can be reduced, our big product either looks like 

/^r+s+fc-4(pi, ■ • ■ ,Piai,a2, . . . , ar-i,arPi+i, ■ . . 62, ■ • ■ bs^i,bsPj+i, . . . ,pk) 

or 

Mr+s+i-4(Pl, • ■ • ,Piai, 02, ■ • ■ ,ar,aiPi+l&l, &2, • ■ • bs-l,bsPj+2, ■ ■ ■ ,Pk) 

In both cases it is clear that, up to a sign, first reducing . . . oi and then &s . . . 61 gives the 
same result as reducing in the opposite order. To show that the signs are the same, let us 
look at the first fir+s+i-A- If we first reduce oi . . . and then bi . . . bg, we get a total sign 

stot = r{pi H hPi + fc-i-l + s-2) + s(pi H \- pj + k - j - 1). 

If we do it the other way round we get 

Stot — s{pi + ■ ■ ■ + Pi + ai + ■ ■ ■ + Gr + k - j - 1) + r{pi + ■ ■ ■ + pi + k — i — I). 

Because of the construction of the gradation in section]?] ai . . . has odd degree if and 
only if r is odd. Therefore s{ai + • • • + a^) + r{s — 2) — mod 2. The second sign 
calculation is similar. □ 

Lemma 9.8. The /i„ := /ij^, u > 2 have the following properties 

(1) , • • • , Pu) is homotopic to pi ■ ■ ■ Pu viewed as a path in \Q\ \ Qo- 

(2) // fi{pi, . ■ . ,Pu) — ±9 is not a trivial path then either pi :— qp[ or p„ = 
p'y^q. In the first case for any q' such that q'p'i ^ we have lJ-{q'p'i, . . . ,Pu) — 
q'nip'i, ...,Pu) in the second we have fi{pi, . . . ,p'^q') = fi{pi, . . . ,p'Jq' ifp'^q' ^ 
0. 

(3) , . . . , Pti) =0 if piPi^i ^ Ofor some i < uor in particular when pi is trivial. 

Proof. We prove this by induction on the number of cycles we need to reduce to an 
ordinary product. 

1 The first statement clearly holds for /i2 and by induction for higher multiplications 
because any positive cycle ai • • • a; is contractible in \Q\ \ Qq. 

2 If there is just one cycle then ii{piai, . . . , aip2) = P1P2 but ai and ai sit in a 
different negative cycle so piP2 is zero unless one of the 2 paths has length zero. 
It is also clear that if pi has nonzero length then fi{qpiai, . . . , aip2) = qpi and a 
similar statement holds for nontrivial p2. 

If the statement holds up to k reductions then it also holds for fc + 1 reductions 
because the first and last path in pt after a reduction are subpaths starting from the 
outer ends of the first and last paths of the unreduced ji. 
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3 If there is just one cycle and /i(piai, . . . , aiP2) ^ then 0,0^+1 = 0. If the 
statement holds up to k reductions then it also holds for k + 1 reductions because 
ajaj+i = for any positive cycle. 

□ 

Proposition 9.9. The products /i** turn Gtl (Q) into an Aoo-category. 
Proof. We will show that the identity [Mk] 

.s+r + l=k 

holds for all possible collections of paths pi, . . . ,pk with t{pi) = h(pi^i). We will do this 
using induction on k. 

For fc < 3 the identities hold because Gtl (Q) is an associative algebra with zero differ- 
ential. Suppose now that the identity [Mj] holds for all j < k. 

Because fc > 3, every term in Mk will have at least one higher order multiplication in it. 
So if there is a nonzero term, there is at least one cycle we can reduce, so we can assume 
that the sequence of paths looks like 

Pi,-- - ,Piai,a2, • • • , a,niPi+i, - - - ,Pk- 

Suppose now that we have a term that is nonzero. If the inner fj, is completely contained in 
the cycle then it can only be nonzero if n > 1 and ^ covers a subcycle. In that case this 
inner p returns a trivial path for one of the entries of the outer /i, which will then be zero. 
If the inner /x overlaps partially with the cycle then we can consider two situations: 

A If the outer /x is a higher multiplication we get expressions like 

. . , . . , flj ), flj+i , . . . ) or . . , flj- , Ai(aj+i , ...),...). 

In the first case . . , a^) must evaluate to something ending in aj otherwise we 
cannot reduce aj+i . 

If j > 2, . . , flj) we first reduce p,{- . - , aj) until we get to the reduction that 
will remove Oj-i. If this reduction does not remove aj then we end up with a 
higher order that contains a trivial path which is impossible because we assumed 
the term was nonzero. If this reduction does remove aj the only way we could get 
something nonzero is if the situation looked like 

/i(gaj+i,aj+2,...,aj) ^{q,t{aj)) = q. 

But as q must end in aj we have that qaj+i = 0. Hence if the term is nonzero we 
must assume j = 1 and then for the same reason no reduction for the inner fj, can 

reduce 0,1. 

Similarly for . . , , At(aj+i ,...),...) we have that j > nl — 2 and no inner 
reduction can reduce a„;. 
B If the outer is the ordinary multiplication then it looks like 

• • ) anl-2, ani-i), anlPk) 

or a similar expression with the inner /x on the right. Now reduce the inner p until 
we get to the reduction that gets rid of a„;_2. It must also remove a„;_i because 
otherwise we get a higher multipUcation with a trivial path. This implies that the 
nonzero term looks Uke 

IJ,{lJ,{qia„iq2, quCi,. . . , a„;_2, a„;_i), aniPk) 

(The iimer reduction first gets rid of g'2, • • • , 9u and after that there can only be nl 
terms in the iimer because otherwise reducing ani ■ ■ ■ a„;_i will give a higher 
multiplication with a trivial path). 
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If 92, • • • , 9m is nontrivial, we pick instead of ai . . . a„; a cycle in there. This 
cycle will then fall under case [A]. If ^2, • • • , is trivial our sequence of paths 
looks like 

Pia„;,ai,a2, . . • ,a„;-i,a„P2 (*)• 
It is easy to check that for such cases [Mh] holds. 
If our sequence is not of the form (*) all nonzero terms fall in 4 categories. 

• The inner fi contains no part of the cycle ai, . . . , Uni. 

• The inner /j. contains the whole cycle ai, . . . , a„;. 

• The first entry of the inner /x is UniPi+i and the inner evaluates to a right multiple 

of ttnl. 

• The last entry of the inner /x is pjOi and the inner /z evaluates to a left multiple of 
In each of these cases this term equals 

±K(ai ...ai, n)/i(pi, ...,Ps, • • ■ ,Ps+r),Ps+r+l, ■■■,Pk) 

for the appropriate s,r, t. Different terms will give different simplified terms. Putting a 
factor ±«;(ai ... a;, n) in front we get that the expression [Mk+ni-2] for 

Pi, . . . ,Kai, 02, . . . , aniPi+i, .■.,Pk 

is ±K{ai . . .ai,n) times [Mk] forpi, . . . ,pk. 

The fact that the signs match up requires some computation. In particular we need to 
show that the product of the sign in [Mk+ni-2\, the sign of k and the sign in [Mk\ does not 
depend on s, r, t and the 4 different cases (note that the first case splits in 2 depending on 
whether the cycle comes before or after the inner /i.) 

We will only do this calculation for the first case with i < s (i.e. the cycle comes before 

s + {nl - 2) + rt + (2 ~ r){pi + ■ ■ ■ + ps + ai + ■ ■ ■ + a„i) 
^ ^ ' 

[Mfc+„i_2] 

+ s + /■/ + (2 - r)(pi H h Ps) + nl{pi H + p,) + s + I + 1 - i 

" ■ V ' V ' 

Mk K. 

= {nl - ;^) + (;^ - r)( ai + •• ■ + a„; ) + nl{s + t + 1 - i + pi + ■ ■ ■ + Pi) 

=nl 

= nl( r + g + ^ +1 — i-\-pi -\- \-Pi) mod 2 

=k 

and the second case (when the cycle is inside the inner s + 1 > i > s) 
s + {r + nl-^)t + {^-r-nl+ ^){pi + ---+Ps) 

^ V ' 

+ s + rt + {^-r){pi H \- Ps) + nl{ps^i -\ \- Pi) + r - i + s 

^ V ' ^ V ' 

Mk K 

= nit - nl{pi -\ h Ps) + nl{r -i + s+ Ps+i H \-Pi) 

= nlj r + s + 1 +1 — i+pi + \-pi) mod 2 

=fe 

□ 

Given a map p : RQi ^ C* we get an autoequivalence of the category FukQ 

fp : Gtl (Q) Gtl (Q) : a p{a)a. 

This autoequivalence turns an Aoo-structure defined by k into a new one, which is defined 
by k' : Q2' — >■ C : ai . . . ttfe i— K{ai . . . ak)p{ai) • ■ • p{ak). 
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Lemma 9.10. Let ki, K2 ■ Q2 x N — s> C /je two maps for which Ki{c, n) — as soon 
as n > 1. The two kao-stmctures defined by ki and K2 are isomorphic if^c G RQ^ : 
Ki(c) = K2(c) — 0. 

Proof. Choose an arrow Cc in each positive cycle c with ki(c, 1) ^ and define p{ac) = 
K2{c, 1)ki(c, 1)^^ and set all other p{a) — 1. This gives an isomorphism between the two 
Aoc-structures. □ 

9.4. Identifying Aoo -structures on Gtl (Q). 

Lemma 9.11. If p is an koo-structure on Gtl (Q) and ai, . . .ai is a positive cycle and we 
can find a k G C such that 

fj.{ai, . . . ,a„i) = Kh{ai) 

then 

IJ,(ai, a„i+j_i) = Kh(ai). 
Proof. This follows straight from the identity [A/„i+i] applied to the paths ai, . . . , a„i, oi: 
fi{ai,n{a2, . . . , a„;)) - ^(/i(ai, . . . , a„;), ai) = 0. 

□ 

Theorem 9.12. Let Gtl (Q) be the gentle category coming from a rectified dimer Q. Let p. 
be an koo-structure on Gtl (Q) such that for every positive cycle ai . . . ai we have 



p{ai,.. 

where 




.ai,n)h{ai) j — i + 1 = nl 
otherwise. 



K : X N C : (ai . . . ai,n) 1-^ /i(ai, • . • , ani)- 
is a map. Then fj, is koo-isomorphic to fj,'^. 

Proof. In order to prove that p'^ and p are isomorphic we construct an A^o-functor J' with 
~ 1. We show that we can do this by constructing the J^i one at a time. Suppose we 
have constructed for i < r. 

Now look at the identity [F„]. We already know it is of the form 

d:F.n = * 

with ~ 0. In order to show that we can find an J^n we have to show that 4' e Imd or 
equivalently that the homology class of ^' is zero. If we prove that ^{ai, . . . , ai+ni-i) and 
'i'{ai, . . . , Qi+ni) contain no length or length 1 terms, then by lemma |93] we are done. 
The terms in the expression ^'(0^, . . . , a^) are of the forms 

• p{ai, . . . , ar-i) — p'^ {ai, . . . , Ur-i). This expression contains no length or length 
1 terms by lemma|9TT] 

• ^{ai, . . . , Uj, p{aj+i, . . . , a„), a„+i, . . . , a^). Such a term is zero because by 
the condition in the theorem /i(aj+i, . . . , a„) can only be zero or a multiple of 
/i(aj+i). But then T contains an idempotent so it is zero by lemma |9?T3] 

• p'^{T{ai, . . . , fli J, . . .,T{ai^, a^)). If T{ai, . . . ,0^+5) is nonzero then by 
lemma l431 s must be —2. —1. mod Z. 

- If it is —2 mod I then T{ai, . . . ,ai+s) sits in Hom(/i(ai), t(ai)), so aU its 
terms have higher length. 

- If it is —1 mod I then the degree of (s) and the degree of a^, . . . , a^+s 
(s + 1) imply that J^{ai, . . . , Ui+s) has odd degree, which contradicts lemma 

- If it is mod I then J^{ai, . . . , a^+s) sits in Hom(i(aj), h{ai)) and can have 
a term which is a multiple of ai but we can always add an element in ker d to 
/ so by lemma |931 we can assume this term is zero. 

In other words all terms are zero or have higher length. By construction p'^ of such 
an expression is zero, because there is no position where we can start to reduce it. 
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□ 

Lemma 9.13. Let {J-i) be a partial k^-functor between 2 k^-structures p^ and /i^, for 
which Ti is the identity functor For each object X we have that 

Tk{ui, . . .ui-i, lx,ui+i, . . . ,Uk) = 

where the Ui are any maps. 

Proof. We first show that J^ki^x, • • • , Ix) = 0. If fc is even this is true because dcg = 
1 — fc is odd and there are no odd elements in Hom(X, X). If k is odd then we use induction: 
suppose it holds for i < k. Now 

dJ'fe(lx, • ■ • , Ix) = lx-Ffe(lx, • • ■ , Ix) - J^ki^x • Ijf , . . . , Ix) ■ ■ ■ ± J"fe(lx, ■ • . , lx)lx 

+ 2 terms 

- J-fe(lA-,...,lx) 

because the number of terms is odd. But on the other hand we know that because is a 
partial functor the following identity holds: 

dTk{lx,---Ax)= V ±-F(lx,...,lx,/(lx,...,lx),lx,...,lx) 



r+s+t=k 



xt 



J2 ±m'(-^(.1x, . . . , Ix), . . . , T^x, . . . , Ix)). 



each of these terms is zero because both the • ■ • , Ix) are zero and ■ • ■ , Ix) = 

by induction. 

To prove that Fk{ui, . . . Ixi ■ • ■ i Wfe) = we use double induction: on k 
and on the number of entries Ui that are not the identity. Now 

dFk{ui, . . .ui-i,lxAx,ui+i, . . . ,Uk) = + uiJ'fe(u2,...,lx,lx,Wfe) - ■•■ 

±Tk{ui, . . .ui^i ■ Ix, lx,uz+i, ■ ■ • ,Wfc) 

^Tk{ui, . . .ui^i, Ix ■ lx,u/+i, ■ ■ ■ ,Uk) 

±Tk{ui, . . Ix, Ix • ui+i, ■ ■ ■ ,Uk) 

+ ■ ■ ■ ^k{u2, • • • , Ix, Ix, ■ ■ • ,Uk~l)Uk 

The first and last line are zero by induction because they have even more entries that are 
the identity, the intermediate lines contain 3 terms with alternating sign that are equal to 

Tk{ui,. . . ui-i, lx,ui+i, . . . ,uk). 

Again we can look at the identity for the partial Ao^-functor 

dj-,(...)= J2 ±-^(.. •,/(•••),■•■)- E ±m'(-^(...),---,-^(---))- 

r+s+f— ziH \-iu—k 

Each term of it is zero: either because it contains an /; with i < k with a \x entry or a fi^ 
or p? with a Ix entry. □ 
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